In this paper a new mathematical function is proposed for describing the S-shape relationship in both normal x and y scale and the semi-logarithmic x and y scale. Basic features of the proposed function have been demonstrated. The proposed function has then been used to simulate the S-shape relationship for seven categories of engineering phenomena. It is seen that the proposed mathematical function has a great potential for representing various S-shape relationships and provides a powerful tool for characterising properties of materials or response of systems; it is thus useful for further numerical analysis. In this paper a new mathematical function is proposed for describing the S-shape relationship in both normal x and y scale and the semi-logarithmic x and y scale. Basic features of the proposed function have been demonstrated. The proposed function has then been used to simulate the S-shape relationship for seven categories of engineering phenomena. It is seen that the proposed mathematical function has a great potential for representing various Sshape relationships and provides a powerful tool for characterising properties of materials or response of systems; it is thus useful for further numerical analysis.
Introduction
In engineering practice and in physics it has been frequently observed that a characteristic of a material or a response of a system, that is an assembly of a number of objects with finite or infinite sizes, to an external agent may form an S-shaped curve either in normal coordinates or in semi-logarithmic coordinates. For example, the variation of soil strength with the clay fraction has an S-shape relationship in normal coordinates (Figure 1(a) , from Lupini et al. (1981) ). In the figure, j cs and j r represent the critical state friction angle and the residual friction angle, respectively, and ø c represents the clay fraction. The compression curves for geomaterials under first loading are S-shaped in the semi-logarithmic scale (Figure 1(b) , from Pestana and Whittle (1995) ). In the figure e represents the voids ratio, and ó 9 v represents the vertical effective stress. The consolidation deflection of a raft on a deep layer of soil plotted against time is an S-shape relationship (Figure 1(c) , from Booker and Small (1984) ).
A mathematical description of the characteristics of materials is useful for numerical interpretation of material properties. However, more importantly, a functional expression for the material property is essential for further numerical analysis. The present authors are not aware of such mathematical formulae that give a reliable description of the whole S-shape relationship. Taking the compression behaviour of soil as an example, the compression equation forms a base for most constitutive modelling of soils and some important geotechnical computations (Burland, 1990; Horpibulsuk et al., 2010; Liu and Carter, 2003; Pestana and Whittle, 1995; Suebsuk et al., 2010 Suebsuk et al., , 2011 . Because there is no efficient way to describe the whole S-shape compression relationship, a common way to describe it is to divide the curve into several segments and then the segment or the segments of interest are modelled by linear relationships (Butterfield and Baligh, 1996; Khalili et al., 2005; Terzaghi and Peck, 1948 ). In the current paper, a new single mathematical function is proposed for describing the S-shape relationship. The capacities of the S-shape function are demonstrated and evaluated by simulating various Sshape events.
2. Proposed mathematical function for the S-shape relationship
Proposed equation
The proposed mathematical function for S-shape relationships is expressed as follows
The first part of the function may take a positive sign in order to simulate the S-shape relationship where y decreases monotonically, and may take a negative sign to simulate the S-shape relationship where y increases monotonically. There are four parameters in the new function: a 1 , a 2 , a 3 and b. Parameters a 1 , a 2 , a 3 are assumed to be positive. Mathematically, the valid range for variable x, which is dependent on a 3 , is given as follows
However, for a practical application, the physical meaning of the variable may impose its own valid range on variable x. Figure 2 shows example curves illustrating the influences of the parameters a 1 , a 2 and a 3 on the S-shape relationship. It can be shown that the proposed function has the following features. . Therefore, parameter a 1 is determined by the amplitude of the S-shape curve. (c) The limit value for (y À b), as x approaches zero, is as follows
Characteristics of the proposed equation
The function has a singular point at x ¼ 0 for a 3 , 1. The values for function parameters presented in Figure 2 are listed in Table 1 . A positive sign of the equation is assumed. b ¼ 0 is assigned because the physical meaning of the parameter is clear.
Using curve 1 as a base for comparison, it is seen that an increase in the value of a 1 for curve 2 results in the amplification of the value of function y. For curve 3 the value for a 2 is increased ten times, and for curve 4 the value for a 2 is decreased ten times. It is seen that the main effect of a 2 is to shift the S-curve along the x axis. Four curves (curves 5-8) are presented to illustrate the effect of a 3 , two of the curves with a 3 . 1, and the other two with a 3 , 1. It is clearly shown that the higher the value in a 3 , the sharper the drop in y.
Parameter b can be measured directly from the S-shape curve. Parameter a 1 , for a 3 . 1, can also be determined directly from the limit value of y as x approaches zero. For a 3 ¼ 1, an equation for a 1 and a 2 can be obtained from the limit value of y as x approaches zero, which is given in Equation 4. Generally speaking, parameters a 1 , a 2 and a 3 can be determined by fitting the theoretical curve with the known data because every parameter controls a distinct feature of the S-shape relationship.
The application
In this section, the proposed mathematical function is employed to make simulations of seven types of S-shape relationship observed in engineering and physics, and the capacity of the proposed function is evaluated according to its performance. All the experimental data are obtained from previous publications and they are marked by solid dots in Figure 1 and Figures 3-6.
Soil strength and the clay fraction
Two intrinsic strengths of soils, the critical state strength j cs and the residual strength j r are observed to be dependent on the clay fraction of the soil and there exists an S-shape relationship between the soil strengths and clay fraction (e.g. Skempton, 1985) . The experimental data from Lupini et al. (1981) on the variation of the two intrinsic strengths with clay fraction are quoted here for simulation (Figure 1(a) ). The theoretical expressions for the soil strengths found are given below. ø c is input as a percentage. The critical state friction angle
The residual friction angle
The theoretical curves generated by the above two equations are also shown in Figure 1 (a) by solid lines.
Compression behaviour of soils
For the compression behaviour of soil under first loading, there exists an S-shape relationship between the voids ratio and the compressive effective stress if the soil is compressed from a very low stress level to the very high stress level, such as from 1 kPa to 10 000 kPa (e.g. Pestana and Whittle, 1995; Nagaraj et al., 1990; Horpibulsuk et al. (2007) ). The experimental data from Pestana and Whittle (1995) are quoted here for simulation ( Figure  1(b) ). The voids ratio is denoted by e, and the vertical effective stress is denoted by ó 9 v : The theoretical expressions found for the three one-dimensional compression tests are given as follows. For the test with initial voids ratio e ¼ 1 . 03
20 kPa < ó 9 v < 100 000 kPa ð Þ
7:
For the test with initial voids ratio e ¼ 0 . 906
8:
For test with initial voids ratio e ¼ 0 . 826
9:
A comparison between the theoretical curves and the experimental data is shown in Figure 1 (b).
Pollutant breakthrough curves
It has been observed that the pollutant breakthrough curves for many materials are S-shaped (e.g. Rowe and Booker, 1985; Van Ree et al., 1992) . The experimental data from Van Ree et al. (1992) are shown in Figure 3 . The normalised concentration parameter C/C max increases from zero at t ¼ 0 to 1 as time t increases. The unit for time is days. The tests include two materials, chloride and benzene. The following theoretical expressions are obtained for describing the breakthrough curves of the two pollutants. For benzene
For chloride
A comparison between the theoretical curves and the experimental data is shown in Figure 3 . Even though the curves slightly divert from the experimental data at very short time period, the overall data are described well. 
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A mathematical function to represent S-shaped relationships for geotechnical applications Liu, Xu and Horpibulsuk 3.4 The S-shape relationship for the creep behaviour of soils There are two types of creep behaviour, stable creep and unstable creep. For stable creep behaviour, the relationship between the strain å and time t is usually S-shaped (e.g, Berre and Iversen, 1972; Yin and Graham, 1996) . The data of one-dimensional compression tests on Drammen clay from Berre and Iversen (1972) are quoted here (Figure 4) . Two tests with different vertical effective stresses ó 9 v are considered. The theoretical expressions found for the creep behaviour of the two tests are given as follows. For ó 9 v ¼ 135 kPa
In the equation, the unit for time is minutes and the strain calculated is a percentage. The theoretical curves are represented in Figure 4 by solid lines.
Shear moduli of geomaterials
It has been widely reported that for geomaterials there is an Sshape relationship between the shear modulus G and the shear strain ª (Hight et al., 1992; Iwasaki et al., 1978) . The experimental data on the variation of shear modulus with shear strain from Iwasaki et al. (1978) are shown in Figure 5 by points. In the figure, there are six curves for Onahama sand under different confining pressures ó 9 c . The units for both stress and modulus are kPa. The values of function parameters identified from the experimental data are listed in Table 2 .
The theoretical curves generated by function parameters listed in Table 2 are shown in Figure 5 by solid lines. The parameters a 1 , a 2 and a 3 are the best fitting for the range of strains considered.
Consolidation and creep behaviour of soils
In an oedometer test, the vertical displacement, denoted by ä v , is made up of two parts, namely the part contributed by the increment in the effective stresses and the part contributed by creep effect. The former is usually defined as primary consolidation, and the latter is defined as secondary consolidation. The total settlement plotted against time for a soil specimen in an oedometer test is usually S-shaped (Day, 1997; Ladd et al., 1977) . The experimental data from an oedometer test on diatomaceous fill reported by Day (1997) are simulated ( Figure  6 ). The total vertical stress is maintained at 50 kPa for the test. The theoretical expression found is
The vertical settlement ä v is defined as negative and its unit is millimetres. The unit for time t is minutes. A comparison between the theoretical curves and the experimental data is shown in Figure 6 .
Consolidation deflection of circular rafts
The consolidation deflection of a raft on a deep layer of soil plotted against time is an S-shape relationship (Booker and Small, 1984; Gibson et al., 1970) . The time deflection at the centre of a circular raft with various flexibility reported by Booker and Small (1984) is shown in Figure 1 (c). In the figure, ä c is the deflection at the centre of a circular raft normalised by the uniform loading acting on the raft; T9 is a time factor and is defined as T9 ¼ ct=a 2 3 1000, where c is the coefficient of onedimensional consolidation, t is time and its unit is minutes and a is the radius of the circular raft.
The theoretical expressions found are given as follows
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The curves generated by the above three expressions are also shown in Figure 1 (c) by solid lines.
Discussion
Seven types of S-shape relationship encountered in geotechnical engineering practice are considered. Five of them describe material properties which are independent of the material size. They are Comparing the simulations and the experimental data, it is seen that all those S-shape relationships in both normal x and y scale and the semi-logarithmic x and y scale have been successfully represented by the proposed new mathematical function.
The following features are observed in simulating S-shape relationships of materials.
(a) Situations with both a 3 > 1 and 0 , a 3 , 1 are encountered in engineering practice. (b) For situations with a 3 > 1, the simulation by way of the proposed function is usually valid for the total valid range for x defined by the practical problem. However, for a situation with 0 , a 3 , 1, the simulation by way of the proposed function is usually valid only for the range simulated. To illustrate the point, the valid range for Equations 15 through 17 is 1 < T9 , 1, which is the range simulated. However, the valid range of this practical problem is 0 < T9 , 1: It is also observed that data obtained by extrapolation for the former case are more reliable than for the latter case. (c) For situations with a 3 > 1 two of the parameters are determined by fitting. The determination of the function parameters is found to be simple and direct according to the features that each parameter control. It appears that a unique set of parameters may be determined by fitting. For situations with 0 , a 3 , 1 all the three parameters are determined by fitting, and the technique of trial and error may be required. Compared with the former situation, the values of function parameters are more sensitive to the range of variable x for simulation.
Conclusion
In engineering and physics, it has often been observed that some material characteristics and system responses exhibit an S-shape relationship. A new mathematical function is proposed for describing this relationship in both normal x and y scale and the semi-logarithmic x and y scale. The proposed function has been used to simulate the S-shape relationship of seven types of engineering phenomena, and it has been demonstrated that the proposed mathematical function describes all the events satisfactorily and can be used for characterising properties of materials or systems and thus is valuable for further numerical analysis.
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